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ABSTRACT

The paper, investigates the influence of density on the elastic-plastic stresses in a transversely
isotropic thin rotating disc with edge loading using Seth’s transition theory. The effects of
angular speed have been discussed for initial yielding and fully- plastic state. A thin rotating disc
made of isotropic material (Brass) whose density increases rapidly requires higher percentage
increase in angular speed to become fully- plastic as compared to rotating disc having constant
density or whose density decreases rapidly and made of transversely isotropic material. Rotating
disc having variable density and made of isotropic material have a tendency to fracture at bore
i.e., it is where the largest tensile stress occurs as compared to rotating disc made of transversely
isotropic material. The tendency of fracture at the bore increases with the increases in edge
loading.
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INTRODUCTION

Rotating disc forms an essential part of the
design of rotating machinery viz. rotors,
turbines, compressors and flywheel etc. The
use of rotating disc in machinery and
structural  applications has  generated
considerable interest in many problems in
the domain of solid mechanics. Solutions for
thin isotropic discs can be found in most of
the standard elasticity and plasticity
textbooks [1-4]. Reddy and Srinath [5]
investigated the influence of material density
on the stress and displacement of a rotating
polar orthotropic circular disc. It has been
shown that the existence of a density
gradient in a rotating disc influences the
stresses and displacements significantly.
Chang [6] developed closed form solutions
for a rotating orthotropic circular disc with
variable density. Guven [7] found the
elastic—plastic stresses in rotating annular
disc of variable thickness and variable
density under the assumption of Tresca’s
yield condition, its associated flow rule and
linear strain hardening. To obtain the stress
distribution, Guven matched the elastic-
plastic stresses at the same radius r = z of the
disc. Perfect elasticity and ideal plasticity are
two extreme properties of the material and
the use of an ad-hoc rule like yield condition

amounts to divide the two extreme properties
by a sharp line which is not physically
possible. When a material passes from one
state to another qualitatively different state,
transition takes place. Since this transition is
non-linear in character and difficult to
investigate, workers have taken certain ad-
hoc assumptions like yield condition,
incompressibility condition and a strain law,
which may or may not valid for the problem.
Seth’s transition theory [8] does not require
these assumptions and thus poses and solves
a more general problem, from which cases
pertaining to the above assumptions can be
worked out. This theory utilizes the concept
of generalized strain measure and asymptotic
solution at the critical points or turning
points of the differential equations defining
the deformed field and has been successfully
applied to lager number of the problems [9-
14].

Here the influence of density on the elastic-
plastic stresses in a transversely isotropic
thin rotating disc is investigated with edge
loading using Seth’s transition theory. The
density of the disc is assumed to vary along
the radius in the form

nft) @

b
Where, p, is the density atr = * b” and m is
the density parameter. Results obtained have
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been discussed numerically and depicted
graphically.

Governing Equations

Consider a thin circular disc of variable
density with a central bore of radius ‘a’ and
external radius “ b’ rotating with angular
velocity =~ wof  gradually increasing
magnitude about an axis perpendicular to its
plane and passing through the centre. The
thickness of the disc is assumed to be
constant and is taken sufficiently small so
that the disc is effectively in a state of plane
stress i.e. the axial stress T,, is zero.

In  cylindrical polar co-ordinates the
displacements are given by,

=rl-p);v=0andw=d.z 2

where S is a function of r=,/x*+y?

only and d is a constant.
The generalized components of strain are,

:%[1—(/3”5‘)”],

1 n
=[1-p] 3)
:%[17(141)”], )
e,,=¢€,,=¢e, =0, wheren is the
d
measure and S = ¥
dr
Stress-strain  relations for this problem
becomes,
Trr = Cllerr + (Cll - 2Ces)eyy + C13 €,
Taa = (Cll - 2Cee )err + C11 €op T C13 €
Tzr :T& :TrH :Tzz :O'

Substituting equations (3) in (4), the non-
zero stress components are,

Tr,:%[2—/3"{1+(1+P)"}]—2%[1—/3"],
ng:%[Z—ﬂ”{u(hP)“}]—ZCGG [1 Ah+P) ] (5)
T =T =Trg=T; =0,

and r,[)" =pP.

The equations of equilibrium are all satisfied
except

C2
where A= ¢, =
Cas

%(ﬂ—rr ) —T9,9+pr2a)2 =0. (6)
Using equation (5) in (6), we get a non-linear
differential equation in f as,

T 66/} h-a+pry]|:

2
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)
The transitional points of £ in equation (7)
are P> -landP -+ w.

The boundary conditions are
Tr=0 at r= ‘@ and T, =Ty atr= *Db’.

®)

Solution through the principal stress

It has been shown [11, 15-17] that the
asymptotic solution through the principal
stress leads from elastic state to plastic state
at the transition point P — + 0. For

finding the plastic stress at the transition
point P — £ oo, We define the

transition function R, as,
Rz =
Cee

Tp = %[2 —ﬂ”{1+(1+ P)”}]— 2T [1— A a+P) ]

©)

Taklng the logarithmic differentiation and

I dP .
substituting the value of a3 from equation

(7) in equation (9), we get,

d
£ (togR,)=
A —Pﬂn{l+(1+P)n }+%ﬂ”—%/)’”(l+P)”+&Pﬁ”
@ 2,2 402
+pan) _%ﬁ[t 1+P] 4Ceepﬂ 2pr P
10)
(4)

Taking the asymptotic value as P — + o«
in equation (10), we get,

d -C,
E(IOQ Rz) R
where 02—2(;66 and A = 0117213. (11)
33
2
where szzc% and A = —%

Integration of equation (11) gives,
R, = Ar ., where A is constant
of integration. (12)
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From equation (9) and equation (11), we
have,

Too = Ar 2. (13)
Substituting equation (13) in equation (6)
and integrating, we get,

Alrl C,
1-C,
where A, is another integrating constant.
Using boundary conditions (8) in equation
(14), we get,

(14)

MMy =

-0 Jprzdr +A,.

bTy + wZJ.przdr

_ _ a
A =01-C) blCo _ gl Ce

and
b
bTy + wZJ.perr

A= e alc a1’C2+a)2U.pr2dr} :
b2 a2 atr=a

(15)
Substituting the values of A, and A, from
equation (15) in equations (13) and (14), we
get transitional stresses as,

A ]

0BG 4G

(16)
21 m
Too *t(’ll C(z:zll < {bTo + ’000_) b (bs’m - a3m)} .
form=3 (17)
Initial Yielding

It is seen from equation (17) that T,, is

maximum at the internal surface (r = a).
Therefore, yielding in the disc will take
place at the internal surface and equation
(17) becomes, for m=3

‘gg‘r . ‘(1 Cz)a bT, +/7(;012:1m (b&m_a&m)}

oo
(Say). (18)
Angular speed Qiz for initial yielding (at
internal surface) is given by,

It
<

pooib? _ (8-
Y b3—m —a

Q? =

m)bz’m pli-Co _ a1-Ce
3-m (1—C2)a7C2

bO'O:I

(19)
We introduce the following non-dimensional
components as,

2
R=1, Ry=2, 2 =% b , ar:h,
b b Y Y
2,2
w:b
O'gitﬁ, szzpo—f and O-OZT_O.
Y Y Y

Equation (16) and (17) in non-dimensional
components become,

1|R%-RC
" { R %3 i )} ol
, (20)

_ -C, 2
_@-Cy)R {awf - Rsm)} 21)

0=

1-Ry @ -

where

Qi2 :poa)izbz _ (3— m) {Rocz(l Rg‘cz)_ao}
Y 1-R¥M™|  (1-Cy)

and m=# 3.

For m=3, the stresses (20) and (21) become,

1[REC: —REC: , R
Oy —E[”—lq [JO Q |OgR ] |Og O
: (22)
1-C,)R™
=%[00—Q?IOQRO], (23)
1-Ry
where
22 C 1-C
Qi2=poa’ib _ -1 Roz(l_Ro 2)_00 )
Y logR, (1-Cy)

Equations (20)-(23) gives the elastic-plastic
transitional stresses for a thin rotating disc
having variable density with edge loading.

Fully Plastic State
From equation (17), the angular velocity

(@; > w;) required for the disc to become
fully plastic (C2 - O) at r = b is given by,

Pow%b2
Y 1 R3 m

sz = [( -Ry) - o'o]
Form=3 (24)
Stresses (20) and (21) for fully plastic state

(C, = 0) become,
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_[1=c] R of ( Lam) (29
BELSVI TR B R G v
""R|I1-R, 3-m RG-m) 1-R§C
where
’ 2.2 1
1 QZ g Qizzpoa)ib _ (S—m) (Z—Cj RQ—R _
(o] _E{UO + 3_fm(1—Rg m)‘| F0r Y 1_Rgfl’n 1-C 0 0 %o
m#3 (25) 3andC - 2H _1-20
For m=3, the Stresses (25) become, . an A+2u l-o '
1| R-R R _
oy :E{l—RO}[UO ~0? log Ro]* 02 ,09{?0}, For m=3, Stresses (29) becomes,
~0?logR, |, s _are
0] 26 2-C _
%0 = 1-R, g (26) ar=%R—g[o—0 QIogR]QIog{ }
where I 1-RZC Ro
21,2
Po@ih -1
Qi = Y logR [@=Ro) =) 1-c1 R
0 % =3¢ c [aO—QizlogRo], (30)
For a disc having Constant Density (m=0) 1-R§
where
The stresses given by equation (25) for a , pow? 1 |(2-C C
disc having constant density (m=0) are given < =— ~“logR, (1—0) RZC —Ry (-0 | -
by,

2 2
1| R-Ry Qf 3 Q% 3 3
== +—U-R3)|-—|R®*-R
Or R|:1_RO H% 3 ( 0) 3R o]
1 ol h-r3) @7)
= +_ — .
99 1-R, %o 3 0

Isotropic Case
For isotropic materials, the material
constants reduce to two only , i.e.,
C11=Cp» =Cg3,
C1p =Cp; =Cy3=C3 =Cp3 =C3y =(Cyy — 2C¢p) .

In terms of Lame’s constant A and u, these
can be written as,

Cip=2,Cqp = 7 (011 Crp)=u and
Cy=A+2u. (28)
Elastic-plastic  transitional stresses are

obtained by using equation (28) in equation
(16) and (17), as,

i iC
2.C
o ;ch g {aﬁﬂ(l—ﬂ%m)} R(;}j@[Ram_F%m]
1-REC

Fully -Plastic State (Isotropic case)
From equation (30), the angular velocity

(@; > w,;) required for the disc to become

fully plastic (C - 0) atr = b is given by,

2

03 :pr— [2(1 JRo) - 0'0] (31)
Stresses for fully plastlc case (C —>0) are
obtained as,

.- RV =) ]{ gy w)} s

RE-m)

R

1 o}

2\/5[1—@)[% aem

Form=3 (32)
For m=3, Stresses (32) becomes

A e

[

o),

10 =m[@, -0% log RO], (33)
where Q% - p°a;f _Io : L ba-JRo)-os) -
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Equations (32) are same as obtained by
Gupta, Sharma and Pathak [18].

For a disc having Constant Density
(isotropic case, m=0)

The stresses (33) for a disc

having constant density are

obtained as
JR- 2 2

o,—:{ f_g {awg;(le)}!;[ﬁRg]

.34

S [%ﬁ(l_Rg)].
2RlL- /R ) 3

These equations are same as obtained by
Gupta and Shukla [12].

Numerical Illustration and Discussion
(Flat Disc)
As a numerical example, elastic constants

C; have been given in Table 1 for

transversely isotropic material [19] (Beryl
Material) and isotropic material [20]
(Brass,0 =0.33). The values of angular

speed required for initial yielding Qiz and
fully plastic state sz has been given in

Table 2. From table 2, it is observed that
thin rotating disc made of isotropic material
(Brass) having variable density m=-1
(density increases radially) with no edge

load (o(=0) yields at the bore at a higher

angular speed as compare to disc made of
transversely isotropic material (Beryl), but
with edge load, the rotating disc made of
transversely/isotropic material yields at the
bore at a lesser angular speed and at a much
lesser angular speed with further increase in
load. For m=1 (density decreases radially
from the internal surface of the disc to the
outer surface), it has been seen from the
table 2 that rotating disc made of
transversely isotropic material/ isotropic
material with edge load yields at the bore at
a much less angular speed as compare to
rotating disc having variable density —m=-
1(density increases radially).

Rotating disc made of isotropic material
having variable density with no edge load

(0p=0) become fully-plastic at a higher

percentage increase in angular speed from
initial yielding as compare to rotating disc

made of transversely isotropic material
having variable density. With edge load, it
requires much higher percentage increase in
angular speed to become fully-plastic. It
means that a thin rotating disc made of
isotropic material whose density increases
radially requires higher percentage increase
in angular speed to become fully-plastic as
compare to rotating disc having constant
density or whose density decreases radially
and made of transversely isotropic material.
This percentage in angular speed further

increases with the increase irz‘,%ge load o).

In Figures 2, 3, 4; curves have been drawn
between stresses for a thin rotating disc
having variable density m=-1,0,1 with edge
load 0;,=0.0, 0.2, 0.3 and radii ratio R=r/b.

It has been observed that circumferential
stress is maximum at the bore for rotating
disc made of isotropic material with no edge

load (o,=0) as compare to rotating disc

made of transversely isotropic material. The
values of circumferential stress at the bore
further increase with edge load. It means that
rotating disc having variable density and
made of isotropic material have a tendency
to fracture at the bore i.e., it is where the
largest tensile stress occurs as compare to
rotating disc made of transversely isotropic
material. Similar results were also shown by
Rimrott [21] for plastic behaviour of rotating
isotropic cylinder. The tendency of fracture
at the bore increases with the increase in
edge load. It is also observed from Figures 5,
6 and 7 for the rotating disc having variable
density and edge load has no effect on the

circumferential stresses for fully-plastic

state.
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Table 1. Elastic constants C;; (In units of 10% N/m?)

C44 Cll C12 ClS
Transversely Isotropic Material (C,= 0.883 2746 0.980 0.674
0.69, Beryl) ' ' ' '
Isotropic Material (o =0.33/C=0.50, Brass) | 0.99997 3.0 1.0 1.0

Table 2. The values of angular speed required for initial yielding (Qiz) and fully plastic state

2
(Q%)
e ey s a2l Tenbrn e im] .=
fransversely Isotrapic Material { C:=0.69, Tsotropic Material (& = 033, Brass)
[ [ )
P=[— -1|=100 P=|j— -1|=100iz
(¥ (5]
iz Ppageincreszein bpsgzeincresze in anzular
De | 4 euls sngular speed from speed from initisl
nzi -r*'-];ee:i initial vislding to fully vielding to fully -plaztic
0 F= | E= | E= ~plastic state for & = | &= & =0 | state for different edze
0 2 3 | different edge loading. [ 0 2 3 loading.
F=| Fo= = =0 | = =0 = =03
i] 2 3 0 2
] f2 | o7e | 034 N T et B
= Sl IR 532 Z 12720 | 22537 7824
-1 4 a sl Bt
(] 2 28| 0B 250 §44 11
[ 2|04 122 I 0l 6 0308
m= - == 18 12527 | 22305 783358
i] B - ] == 42 2383
(] 7 a2 | 068 24 tB I
0 3 [0 {0z o R LT R
= ia | s0=t 47 - 11533 | 41070| 7R304
1 1253341878 TRE
(] 08 | @ § 02 | 078
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Figure 1. Elastic-plastic Transitional Stresses in a Thin Rotating Disc for Different Edge Load (0'0)
and variable Density (m=-1)

Figure 2. Elastic-plastic Transitional Stresses in a Thin Rotating Disc for Different Edge Load (0'0)
and variable Density (m=0)

Figure 3. Elastic-plastic Transitional Stresses in a Thin Rotating Disc for Different Edge Load (0'0)
and variable Density (m=1)
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Figure 4. Fully-plastic Stresses in a Thin Rotating Disc for Different Edge Load (00) and variable
Density (m=-1)

Figure 5. Fully-plastic Stresses in a Thin Rotating Disc for Different Edge Load (0'0) and variable
Density (m=0)

Figure 6. Fully-plastic Stresses in a Thin Rotating Disc for Different Edge Load (0'0) and variable
Density (m=1)
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